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EXACT  DISTRIBUTIONS  FOR  GAPS  AND  STRETCHES 


By 

Joseph  G.  Deken 


1.  Introduction. 


For  random  variables  . ,Xj^,  with  order  statistics 


Yj^,Y2>  •  •  •  define  the  p-stretches  Zj^,Z2,...,Z 


k+l-p 


as: 


Z.  :=  ,  -Y.  • 

3  j+P-1  3 


The  variables  Z^  are  often  called  spaclngs  (p=2)  or  higher  order 
spaclngs  (p  >  2),  and  have  been  discussed  in  an  extensive  literature. 

Much  of  this  literature  deals  with  the  classical  geometric  probability 
problem  of  random  coverage  of  the  circumference  of  a  circle  by  random 
arcs.  A  recent  article  by  Holst  (1980)  gives  some  new  results,  as  well 
as  many  references.  In  some  recent  work  on  multiple  comparisons  by  Welsh 
(1977) ,  the  variables  Z^  are  called  gaps  for  p  =  2  and  stretches 
for  p  >  2.  In  the  multiple  comparisons  context,  which  motivated  the 
present  work,  the  number  of  points,  k,  may  often  be  small,  and 
asymptotic  results  not  sufficiently  accurate.  The  key  contribution  is  to 
deal  directly  with  the  lack  of  independence  between  successive  p-stretches. 
This  problem  is  not  easily  dealt  with  for  p  >  2,  so  that  previous  results 
in  this  case  have  been  largely  confined  to  asymptotics.  As  is  shown  here 
a  recursive  formulation  along  with  s3nnbolic  computation  may  be  used  to 
derive  exact  results  in  many  cases.  Specifically,  we  compute  here  the 
exact  distribution  for  the  maximum  p-stretch  for  all  values  of  p  and 
ten  or  fewer  points  uniformly  distributed  in  the  unit  interval.  The 
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Theorens  given  could  be  easily  modified  to  cover  densities  other  than 
the  uniform. 

In  addition  to  the  exact  distributions,  the  resulting  formulas  for 
all  moments,  and  the  quantiles  derived  numerically  to  accuracy  10 
we  give  here  some  explicit  moment  generating  functions  which  can  be 
derived  by  the  same  technique.  Since  the  distribution  of  any  individual 
p-stretch  is  Beta,  when  the  X’s  are  uniform,  an  approximation  to  the 
distributions  given  is  that  of  the  maximum  of  k+l-p  independent  Beta 
variables.  Approximate  quantiles  based  on  this  Independence  approxima¬ 
tion  are  given  for  comparison  with  the  exact  results. 

The  distributions  found  here  may  be  of  use  in  a  variety  of  multiple 
comparisons  situations,  such  as  those  discussed  by  Melsch,  via  the  appro¬ 
priate  probability  inverse  transformations.  Such  an  approach,  if  suffi¬ 
ciently  powerful,  would  eliminate  the  need  for  separate  tables  for  each 
distribution  considered.  Alternatively,  it  may  be  found  to  be  preferable 
to  apply  the  techniques  directly  to  random  variables  X  with  a  specified 
(Gaussian  or  other)  distribution. 


In  some  cases,  it  may  be  of  Interest  to  consider  the  distances 
and  1-Y,  as  well  as  distances  Y  -Y^  ,,  e.g.  defining  Y„  0  and 

k  j  j-1  ^0 

:=  1.  One  would  then  have  k+3-p  p-stretches  Z^,Z^, . . .  ,2^^^  p* 

The  results  here  carry  over  directly  by  noting  that 

^^l"^0’^2"^l . \+l“\^  ^  \+2"^l  ^^2“^1’’*"’\+2"\+1^*  \ 

is  the  maximum  p-stretch  based  on  k  points  (without  ^Q’^k+l^  ^k 

is  the  maximum  with  Yq  and  we  have  for  example 


where 


Pr{Z^  It}-  , 

“I'd  £  t}  -  kr^  ^-(k-l)r^  . 


I 
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2.  Maximum  p-stretches  for  k  points  In  the  unit  Interval. 


Let  random  variables  be  Independently  and  uniformly 

distributed  on  the  Interval  (0,s),  with  order  statistics  ^  ^2 ^  ^ ^k' 

For  P^2  define  the  p-stretches  . . . ,  p  as: 


^J+p-1 


We  will  derive  here  erttllclt  formulas  for  the  distribution  of  the  maximum 

p-stretch,  Z^^^ (x)  max  Z^^^  .  Let  (s)  be  the  event 

l£J£k+l-p  J  * 

{Z^^^(s)  ^  l}.  If  the  probability  P{e^^^(s)}  can  be  given  for  all  s, 
then  for  fixed  s,  all  probabilities  P{Z^P^(s)  ^  t}  may  be  obtained  from 
the  relation  P{z^**\8)  ^  t)  =  p{E^(s/t)}.  Henceforth,  we  will  restrict 
attention  to  calculating  p{E^P^(s)}. 

Since  the  argxunent  p  will  be  constant  throughout  the  following  discus¬ 
sion,  it  will  be  omitted  as  a  superscript,  and  we  will  write 


P^j^(s)  ;=  Pr{Ej^^  (s)}  when  [s]  ■  n 


The  initial  conditions  “  0,  ■  0,  k  <  p)  are  obvious.  The 

derivation  of  will  utilize  the  following  auxiliary  probabilities. 

A)  Pl^j^Cs),  (where  s  ■  (sq.Sj^,  . . .  ,Sp_j^)  and  >  [®p_j^l  i®  the 

probability  that  occurs  and  there  are  p-1  points  X^ 

in  (Sq,s),  at  £  S2  £•••<_  s^  j^  . 
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B)  P2^^(8)  (where  s-  (Sq.Sj^,  . . .  ,Sp_^)  ,  tSp_i]-n,  and  n  ^  ^  9p_j^- 

Is  the  probability  that  occurs  and  there  are  p-1 

points  In  (Sq.s),  at  Sj^  <.  ^2  —  “  ‘  —  ®p-l’  ” 

of  these  points  In  the  Interval  (n.s). 

C)  AP  . (t)  is  the  probability  that  E.  (s)  occurs  and  max  X  *  t. 

These  probabilities  may  be  Illustrated  graphically  as: 

k  points 


n  8  n+1 


k  points 
- A - 


p-1  points 


-H - X- 


n  8-  s,...s  ,  n+1 

0  1  p-1 


k  points 


p-1  points 

- 4 - - 

m  points 


s  --1  s_  8- • • •  8  ,  ns  s  , 

p-1  0  1  p-l-m  p-m  p-1 


n+1 


k  points 
A 
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For  example,  if  n  “  3  and  k  »  5,  the  derivation  of  for 


3  (3  stretch)  may  be  sketched  in  more  detail: 

Spts 


^no  points,  use  P25(3)  from 
^  previous  computation 


0=2, 6=0 
0=2, 6-1 
0-2, 6- 2 
0-3, 6-0 


— .0-3,6-! 


use  P22^2(®)  ®tc. 

use  P2^^2^(s)  etc. 

use  P2^^^(s)=Pl2^(s) (known) 

use  PZjj^(s)  etc. 

use  P222j^(s)  etc. 

use  P222q(s)-P123(s) (known) 

use 

3-stretch  >  1  must  occur 

3-8tretch  >  1  must  occur 
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with  the  above  definitions.  It  is  possible  to  compute  recursively, 

using  auxiliary  probabilities  and  1 1^  •  turn,  AP^j^  depends 

on  (P2  o  a  <  k,  B  <  p-1) ,  P2  „  may  be  expressed  in  terms  of  (P2  „  ^  ^  ^ 

nctp“~  noip  nuf 

and  6  <  ot) ,  and  5  in  terms  of  (P2j^_ir)C  ^  practical 

usefulness  of  the  recursion  is  enhanced  by  the  fact  that  no  first  subscripts 
<  n-1  are  Involved.  The  recursion,  described  in  detail  by  the  theorems  below, 
thus  has  the  form: 


Values  in  solid  circles 
are  computed  and  saved 
at  the  n-th  stage.  Values 
in  broken  circles  are  used 
at  the  n-th  stage  and 
discarded . 


Theorem  1.  Using  the  auxiliary  probabilities  defined  above,  the  following 
equations  give  P^j^  recursively  (we  omit  the  trivial  cases  n  <  1  or  k  <  p 
in  all  equations  below) . 
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k-(p-l)-l  I  a 

+  I  n(k-(p-l),t  .t  -(t  ,-l).a)|  I  n(ct.t_-(t  -l),n-(t^  1-1), B) 

u  u  p-x  u  p-x  p-i 


a=l 


•  Ef 


P2  [< 


(tp_i-l,X  (tp_^-l,n),  X’  (n,tQ), 

6,6A(p-l)  a-e,aA(p-l)-3A(p-l)v^ 

n.k-a, (p-1-3)^ 


H’)j 


(p-l-a)^  terms 


W 


Ic  i  k 

Proof.  In  the  above  equations,  II(k,s,v,j)  :=  (j)\r(s-v)  ■'/s  is  the  prob¬ 

ability  that  of  k  points  uniformly  distributed  in  an  interval  of  length  s, 
j  lie  in  a  subinterval  of  length  v.  Also  X  ,  (a,b),  X.'  (a,b)  denote  Indepen- 

K.  ~  j  K 

dent  random  vectors  consisting  of  the  first  k  order  statistics  from  j  points 

distributed  uniformly  in  (a,b).  For  example,  to  derive  (2),  we  note  that  if 

max  X  =  t,  then  if  there  are  less  than  p-1  points  in  (t-l,t),  E,(s) 

l<i£k  ^ 

occurs.  Otherwise,  we  may  condition  on  the  positions  of  the  leftmost  p-1  points 
of  the  a  points  in  (t-l,t),  and  8  points  in  (t-l,n). 


(8A(p-l)  of  them  in  (t-l,n)  and  aA(p-l)-8A (p_i)  in  (n,t))  , 


to  obtain  the  desired  probability  in  terms  of  P2.  Equations  (3)  and  (4)  are 
derived  similarly,  by  considering  the  points  in  (tp_j^-l,tQ)  and 
(tp_j^-l,tQ)  =  (tp_^-l,n)  u  (n,tQ)  respectively.  ^ 
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3 .  Generating  functions. 

We  may  consider  a  Poisson  process  on  the  Interval  (0,s),  with  rate  X 
and  points  ^2  ^  •••  <  Y^,  so  that  v  Is  a  random  variable, 

-Xs  (Xs)^ 

Pr{v=a}  =  e  — -  ,  and  conditionally  on  v  =  a,  are  distri¬ 
buted  as  uniform  order  statistics.  Then  Pr.  {e^^\s)}  =  e  E  PrlE^^^s)} 

X  V  a=p  a!  a 

where  the  probabilities  PrfE^^^Cs)}  are  those  given  by  Theorem  1  above.  That 

is,  m^^^(X,s)  :=  e^^  Pr. (e^^^ (s))  is  the  exponential  generating  function  for 

A  \) 

/  (p) 

the  sequence  i-Ei,  (s)l,  ,  and  may  be  used  to  give  closed  form  expressions 

for  E^P'^(s).  In  particular,  if  m''^  (X,s)  =  ^  ^  some  non- 

negative  integers  n^  and  constants  (Cj,aj),  then 


Pr{E^P\s)}  =  I  c  (k)  a, 

k  3k  j  nj  j 


where  (k)  .  =  vt-  -t.  .  .  Our  results  will  be  of  this  form. 

J  ^  ) ' 

The  probabilities  Pr^{E^P^(s)}  may  be  computed  recursively  in  exactly 
the  fashion  of  Theorem  1,  conditioning  on  some  set  of  j  £  p-1  rightmost 
points  in  the  interval  (0,s).  We  examine  the  interval  (0,s)  from  right  to 
left  and  use  the  facts  that  (1)  the  number  of  points  in  any  subinterval  of 
length  t  has  the  Poisson  distribution  with  parameter  Xt,  (2)  the  numbers 
of  points  in  any  subinterval  are  independent  random  variables,  and  (3)  condi¬ 
tionally  on  the  number  of  points  in  a  subinterval,  these  points  are  uniformly 
distributed  in  the  subinterval.  Making  the  parameters  X  and  p  implicit, 
we  write 


MP  (s)  :=  Pr,{E^P^(s)}  if  [s]  =  n 
n  A 
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Clearly,  MPq(s)  =  0.  The  auxiliary  probabilities  needed  are  directly  analogous 

to  those  of  Theorem  1,  except  that  the  number  of  points  is  not  a  fixed  k  but 

a  random  v.  With  this  single  change,  auxiliary  probabilities  MPl  (s),  MP2  (s), 

n  ~  nm  ~ 

and  MAP^(t)  are  defined  corresponding  to  PI,  P2,  and  AP  above.  The  probability 
MP^(s),  from  which  the  generating  function  m(X,s)  follows,  is  given  by: 

Theorem  2,  The  probabilities  MP  may  be  computed  recursively  from  the  following 
equations: 

MP  (s)  =  E{MAP  (  Max  X.)}  =  X  e'^’^MAP  (s-t)dt  +  ,  (n)  (1) 

”  1<  i<v  ^  oj  " 


P-2  P-2  r  ^  i  »■ 

?„(t)  =  I  (t,(l,a)  +  I  4>,(n-(t-l),a)E  K/py  (t-l,X^(t-l,n)  ,Z  (n,t))k  + 
a=0  a.O  n!p-I-a  H 


' 

MP|  (t-l,Z^  T(t-l.n)) 

~p-l  y 


MP2  (  (t _ , t. , . . . , t  ,)) 
nm  U  i  p--*- 


m  =  0 


(_  n{m-a)^ 


*^p_l"^»?  ^‘^p-1 


tl’t2>--->tp_i. 


>  0  (3) 


^7' 


I 


^*^0**^1 . 

P;2 

I  (|),  (n-(t  ,-l),a) 

a=0 


Proof.  In  the  above  equations  X.(a.b).  X'(a.b)  represent  random  vectors 

-»Ci 

of  length  a  distributed  as  the  order  statistics  of  a  points  distributed 
randomly  in  the  interval  (a,b).  Z^(a,b)  represents  a  random  vector  of  length 

a  distributed  as  the  first  a  points  of  a  Poisson  process  (rate  X)  in  (a,b). 
(Alternatively,  z  has  a  gamma  distribution,  and  (z^,z  ,  ...,z  X  ,(a,z  )). 

-Xt  (tX)^ 

The  function  (t)^(t,k)  is  the  Poisson  probability  e  — —  of  k  points  in 
an  interval  of  length  t. 

With  the  above  definitions.  Theorem  2  is  derived  exactly  as  Theorem  1. 

As  an  example,  we  give  here  the  explicit  forms  of  the  probablities 
P{p-stretch  of  k  points  ^  t}  as  functions  of  k,  for  p  =  2, 3, 4, 5,  valid 
for  t  ^  X  .  These  formulas  are  obtained  from  the  function  MPj^  given  in 
Theorem  2.  (Values  of  k  not  covered  by  the  formulas  below  are  treated  in 
the  next  section.) 
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p  •  2,  k  >  2 


(5) 


p  =  3,  k  ^  3 


{4-k  +  t (k(k-l)-4) } (1-t) 


k-1 


(6) 


p  =  4,  k  >  5 


{2-t(k^-5k44)  -  4k  +  2)}(l-t)’^"^ 


(7) 


p  *  5,  k  >  7 


(8) 
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4. 


Simple  Results  for  Large  Stretches. 

For  k  points  <  Y2  <•••<  Yj^,  there  Is  of  course  only  one 

k-stretch,  which  Is  the  range  Y^^-Y^.  This  random  variable  has  a  simple 

distribution,  which  can  be  shown  by  several  standard  methods  to  be: 

Pr{Yj^-Yj^  £  b}  ■  kt^  (k-l)t^  0  £  ^  ^e  will  derive  generating 

functions  here  which  give  the  distributions  of  the  maximum  p-stretch  of 

k  points,  whenever  p  ^  k/2  +  1.  The  key  simplification  in  these  cases 

is  that  since  the  first  p-stretch  ends  at  Y  and  the  last  p-stretch 

P 

begins  at  p,  no  point  Y^  can  both  begin  and  end  a  p-stretch 

(k+l-p >  p) .  In  any  of  these  cases,  it  will  be  shown  that  Pr{z^^^{s)  ^  l} 
can  be  given  in  terms  of  only  two  functions  of  s,  for  s  in  the  range 
(1,2)  and  (2,“),  respectively 

For  k  points  in  (0,s),  we  define  the  m-range  to  be  the  maximum 

k+l-m  stretch.  Thus,  the  1-range  is  the  usual  range,  and  the  m-range 

is  the  largest  of  the  m  distances  Y, -Y  ,  Y,  ^-Y  , , . . . ,Y,  ..-Y, . 

km  k-1  m-1  k-m+l  1 

We  will  consider  a  Poisson  process  on  (0,s)  as  above  and  find  the 
probability  RP^”\s)  that  the  m-range  of  this  process  is  ^  1.  This 
probability  gives  the  generating  function,  as  in  section  2  above,  of  the 
probabilities  Pr{m-range  of  k  points  in  (0,s)  ^  l),  from 

which  Pr{m-range  of  k  points  in  (0,1)  ^  t}  may  be  derived  for  any  t. 

We  will  assume  that  k  ^  2m  in  what  follows,  and  note  that  if  p  ^  k/2  +  1, 
then  the  maximum  p-stretch  of  k  points  is  the  m-range,  with  m  =  k+l-p, 
so  that  In  this  case  2m  2k+2-2p  £  k.  Thus  the  generating  functions 
for  the  m-range  give  the  probabilities  for  the  p-stretches  when 
p  ^  k/2  +  1. 
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Theorem  3.  For  1  <  s  2,  the  probabilities  may  be  computed 

from  the  following  equations: 


RP^“^s) 


s-1 


DNS^(t)RPl^“^ (s-t)dt 


(1) 


RPl^®^(t)  =  PGE  (t-l)+  I  PRB„(t-l)MP2  (t-l,t) 
in  cx  Cl  ui*^ 

a»l 


m-1 


(2) 


V-l|. 

MP2jj^(u,v)  »  DNSj^(s)MP3j(u,v-s)  (3) 


MP3  (u,v)  =  n(j,u,u-(v-l),0)  +  I  n(j,u,u-(v-l),a)MP2  (v-l,v)  (4) 

J  a«l  J 


Proof .  In  the  above  equations, 


and 


PRB^(t) 


-Xt  (Atf 
®  a: 


,  PGE^(t) 


j-1 

1-  I  PRB  (t)  , 
0=0 


DNSj (t) 


d  PGE.(t) 
dt 


are  the  probability  of  a  points,  the  probability  of  greater  than  or 
equal  to  j  points,  and  the  density  of  the  hitting  time  of  the  J-th 
point,  respectively,  for  a  Poisson  process.  Let  E^”*\s)  be  the  event 
that  the  m-rangc  of  the  points  in  (0,o)  >  1. 
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Let  E^®^(t)  -  {E^”\t)  and  a  point  of  the  process  occurs  at  t}, 
and  RPl^^^Ct)  ■  Pr{E^™\t)}.  Since  the  density  of  the  distance  t  of 
the  rightmost  point  in  (0,s)  from  s  is  DNSj^(t),  equation  (1)  follows. 
To  calculate  the  probability  of  E^'°^(t)  we  observe  that  if  there  are 
at  least  m  points  in  (0,t-l)  then  E^^^t)  occurs,  since  in  that 
case,  the  m-th  point  from  the  left  Y  <  t-1,  so  that  Y  -Y  ■  t-Y  >  1. 
The  probability  of  this  is  PGE^(t-l) .  If  there  are  1  £  a  <  m  points 
in  (0,t-l),  define 


E2^g(u,v) 


(yg)  and  a  points  in  (0,u)l, 


where  y^  is  the  6-th  point  to  the  left  of  v.  Letting  MP2^g  =  Pr{E2^g} 
equation  (2)  follows.  To  derive  (3),  note  that  the  density  of  v-yg 
is  DNSg,  let 

E3j(u,v)  =  {Ep^(v)  and  j  points  in  (0,u)}  , 


and  define  MP3j(u,v)  =  Pr{E3j (u,v) } .  Letting  N  denote  the  number  of 
points  In  (0,u)  which  fall  in  the  subinterval  (v-l,u),  E3j(u,v)  may 
be  written  as  the  disjoint  union: 


E3j (u,v) 


{N«0}  +  y  {E2  (v-l,v)n  fN«a}} 

J -u  a 


Since  Pr{N»a}  ■  n(j ,u,u-(v-l) ,a) ,  equation  (4)  follows  and  the  theorem 
is  proved. 
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In  proving  Theorem  3,  we  assumed  that  1  <  s  <2,  specifically  In 


setting  the  upper  limit  of  the  Integral  In  equation  (1).  For  the  case 
that  s  >  2,  an  analogous  theorem,  proved  In  exactly  the  same  fashion, 
holds.  We  denote  the  probability  that  the  m-range  exceeds  1  In  this 
case  by  R2P^”*^(s),  to  distinguish  It  from  the  previous  result,  which 
will  be  used  explicitly. 

Theorem  4.  For  s  ^  2,  the  probabilities  RP2^"'^(s)  may  be  computed 
from  the  following  equations: 


R2P^"‘^(s) 


s-2 


0  J 


R2P1  ^“\s-t)xDNSj^(t)  +  PRBq(s-2)RP^“^  (2) 


(5) 


R2Pl^‘“^(t) 


m-1 

■»  PGE  (t-1)  +  I  PRB^(t-l)M2P2  (t-l,t-l,t) 
”  a=l  “  ctm-a 


(6) 


V-Wf 

M2P2^j^(u,v,w)  « 


M2P3.(u,w,v)  =  n<j ,u,u-(v-l) ,0)  +  ^  ll(j ,u,u-(v-l) ,a)M2P2  (v-l,w,v)  (8) 

^  a=«l  j-aot 

From  theorems  3  and  4,  for  example,  we  obtain: 

k-1  k  k 

Pr{maxlmum  k-1  stretch  of  k  points  ^  t}  ■  l-2k(t  -t  )  -  (2t-l)_|_  (9) 


DNSj^(s)M2P3j  (u,w,v-s) 


(7) 
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Pr{niaximuni  k-2  stretch  of  k  points  t)  ^ 


l-8(2t-l) 


(10) 
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I 


5.  Tables. 


In  tables  1-4  which  follow,  the  main  results  for  the  uniform  distribution 
are  given.  Table  1  gives  the  cumulative  distribution  function  for  the  maximum 
p-stretch.  For  example,  under  "  2  stretches"  in  Table  1,  we  find  the  entry: 


POINTS  =  4 

(•^,  1)  3t^  -  12t^+ 18t^  -  12t+ 3 

(y.  j)  -45t^  +  84t^-54t^  +  12t 

11  4  1 

(7,  7)  36t  -  24f^  +  l  . 

4  3 


This  entry  gives  Prlmax  2-stretch  of  4  points  £  t]  for  t  in  each  of  the 
intervals  indicated  at  the  left.  For  any  fixed  number  of  points,  the  last 
form  given  also  holds  for  all  smaller  values  of  t. 

Table  2  gives  the  quantiles  of  the  maximum  p-stretch,  derived  from  the 
exact  formulas  in  Table  1,  along  with  the  approximate  quantiles  obtained  by 
treating  the  stretches  as  independent  (marginal  Beta  distributions.)  Since 
this  approximation  is  exact  for  the  maximum  p-stretch  of  p  points,  these 


cases  are  omitted  from  the  table. 


Table  3  gives  exact  formulas  for  the  moment  of  the  maximum  p-stretch, 

in  a  somewhat  compact  form.  That  is,  the  desired  moment  moment 

k  1 

of  the  maximum  p-stretch  of  k  points)  always  involves  a  factor  n  JZT* 

i=0 

and  this  factor  is  omitted  from  the  tables.  Thus,  under  "3-stretch,  4  pts.", 


for  example,  the  entry 

24/2^  +  48A _ 

A(A+1)(A+2)(A+3)(A+4)  ' 


+  48a  indicates  that  the  A^'^  moment  is 

2A 

Numerical  values  of  the  moments  for  A“  1,2, 3, 4, 5 


are  given  in  Table  4. 
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Table 


1  /  1  ) 

1  /  1  ) 

1  /  2  ) 

1  /  1  ) 

1  /  2  ) 

1  /  3  ) 

1  /  1  ) 

1  /  2  ) 
W  3  ) 
1  /  4  ) 

,  1  /  1  ) 

,  1  /  2  ] 

,  ;  /  3  : 

I  /  4 

1  /  5 


Exact  Distribution  of  the  Maximum  p-Stretch. 


2 

STRETCHES 


(Gaps) 


POINTS  =  2 


2 

T  -  2  T  +  1 


POINTS  =  3 


3  2 

-2T  +  61  -  6r  +  2 

3  2 

6  1  -61  +1 


POINTS  =  4 


4 

3 

2 

3  T  -  1 

12  T  +18 

T  -  12  T  +  3 

4 

3 

2 

-  45  T 

+  84  T  - 

54  T  +  12  T 

4 

3 

36  T  - 

24  T  +  1 

F-OINTS  »  5 


-4T  +20T  -40r  +40T  -20T+4 

5432 
188  T  *  460  T  +  440  T  -  200  T  +  40  T  -  2 
5  432 

-  784  T  +  1160  T  -  640  T  +  160  T  -  20  T  +  2 
5  4 

240  T  -  120  T  ♦  1 


POINTS  =  6 

6  5  4  ^  ^  r  = 

5T  -30T  +75T  -100T  +75T  -30T+5 

^5432 

-  635  I  ♦  1890  T  -  2325  T  +  1500  T  -  525  T  +  90  T  -  5 
6  5432 

6655  T  -  12690  T  ♦  9825  T  -  3900  T  +  825  T  -  90  T  +  5 
6  5432 

)  -  13825  r  ♦  18030  T  -  9375  T  ♦  2500  T  -  375  T  ♦  30  T 

6  5 

)  1800  T  -  720  T  +1 


1 


f 


POINTS  =  7 


/ 

(1  /  2  ,  1  /  1  )  -  6  T  + 


7 

(t  /  3  ,  1  /  2  )  1914  T  - 


(1/4,173)  -  41826  T 


7 

(175,1/4)  203934  T 


(176,1/5)  -  264816 


(1/7,176)  15120  T- 


8 

(1/2,171)  7  T  -  56 

8 

(1  /  3  ,  1  /  2  )  -  5369  T 


8 

074,1/3)  224266  T 


(1/5,174)  -  2069494 


(1  /  6  ,  1  /  5  )  6133631  T 


(1  /  7  ,  1  /  6  )  -  5623681 


(1  /  8  ,  1  /  7  )  141120  T 


6  5 

4 

3 

2 

42  T  -  126  T  +  210 

T  - 

210  T  + 

126  T  -  42  T 

6  5 

4 

f 

3  2 

6678  T  +  9954  T  - 

8190 

T  +  3990 

T  -  1134  T 

+  168  T  - 

7  6 

5 

4 

3 

+  95382  r  -  92106 

r  + 

48510  T 

-  14910  T 

6 


9 


+  2646  T  -  252  T  +  11 
6  5  4  3 

-  334698  T  +  230454  T  -  85890  T  +  18690  T 


-  2394  T  +  168  T  -  4 

7  6  5  4  3 

T  +  321552  T  -  163296  T  +  45360  T  -  7560  T 


■t  756  T  -  42  T  +  2 


5040  r  ♦  1 


POINTS  =  3 

7  6  5  4  3  2 

T  +  196  T  -  392  T  +  490  T  -  392  T  +  196  T 

-  56  T  +  7 

7  6  5  4 

+  21448  T  -  37436  T  *  37240  I  -  23030  T 


3  2 

+  9016  T  -  2156  T  +  280  T  -  14 
7  6  5  4 

590912  T  +  676984  T  -  439040  T  +  175420  T 


J  3 

-  43904  I  +  6664  T  -  560  T  +  21 
8  7  6  5 

T  +  3996608  T  -  3337096  T  +  1568000  T 

4  3  2 

-  451780  T  +  81536  T  -  9016  T  +  560  T  -  1 4 
8  7  6  5 

-  9128392  I  t  5850404  T  -  2107000  T 

4  3  2 

+  466970  T  -  65464  T  +  5684  T  -  280  T  +  7 
8  7  6  5 

T  +  6548024  T  -  3294172  T  t  941192  T 

4  3  2 

■  168070  T  +  19208  T  -  1372  I  +  56  T 


-  40320  T  +  1 
20 


I 


fOINIS  =  ? 


9  3  7  6  5  4 

<l  /  2  ,  }  /  t  )  -  8  T  +  72  T  -  288  T  +  472  T  -  1008  T  +  1008  T 

3  2 

-  672  T  288  T  -  72  T  +  B 
9  8  7  4  5 

(1/3,172)  14328  T  -  64440  T  +  128736  T  -  149856  T  +  111888  T 

4  3  2 

-  55440  T  +  18144  T  -  3744  T  +  432  T  -  20 
9  8  7  6 

<1  /  4  ,  1  /  3  )  -  1087920  T  +  3242304  T  -  4280256  T  +  3279360  T 

5  4  3  2 

-  1602720  T  +  516096  T  -  108864  T  +  14400  T  -  1080  T  +  36 
9  8  7  6 

(1  /  5  ,  1  /  4  )  17262160  I  -  38045376  T  +  37007424  T  -  20805120  T 

5  4  3  2 

+  7428960  T  -  1741824  T  +  247456  T  -  25920  T  +  1440  T  -  34 
9  8  7  6 

(1  /  6  ,  1  /  5  )  -  92112840  T  +  158829424  T  -  120492576  1  +  52694880  T 

5  4  3  2 

-  14621040  T  t  2668176  T  -  320544  T  +  24480  T  -  1080  T  +  22 
9  8  7  6 

(177,1/6)  190062648  T  -  264433608  T  +  161682912  T  -  57040032  T 


5  4  3  2 

+  12812688  T  -  1904112  T  +  187488  T  -  11808  T  +  432  T  -  6 
9  8  7  6 

(1/8,177)  -  132766208  T  +  150632064  T  -  75497472  T  +  22020094  T 

5  4  3  2 

-  4128768  T  +  516096  7  -  43008  I  ♦  2304  T  -  72  T  +  2 

9  8 

(1  /  9  ,  1  /  8  )  1451520  7  -  362880  T  +  1 
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hoiNrs  =  10 


(1  /  2  ,  1  /■  1 

(1  /  3  ,  1  /  2 

(1  /  4  ,  1  /  3 

6 

♦  12377610  T 
(1  /  5  ,  1  /  4 

6 

-  96002550  T 

(1  /  6  .  1  /  5 

-  955017000  r 

2 

♦  78975  T  - 
{]/  7  ,)/  i 

+  1866737880 
2 

-  57105  T  + 
(1/8,1/- 

-  1690967880 

2 

+  22275  T  - 
(1/9,1/ 

♦  573956280 

♦  90  T 

(1  /  10  ,  1  / 


10  9  8  7  6 

)  9  T  -  90  T  +  405  r  -  1080  T  +  1890  T  -  2268  T 

4  3  2 


) 


) 


) 


+  1890  T  -  1080  T  +  405  T  -  90  T  +  9 

10  9  8  7  6 

-  36855  T  +  184230  1  -  414315  T  +  551880  T  -  481950  T 

5  4  3  2 

+  288036  T  -  119070  I  ♦  33480  T  -  60/5  T  *  630  I  -  27 

10  9  8  7 

4923261  T  '  16349490  T  +  24386265  T  -  21493080  T 

5  4  3  2 

4855788  T  +  1309770  T  -  238680  T  +  27945  T  -  1890  T  +  57 
10  9  8  7 

-  127197315  T  +  313951950  T  -  347202855  1  +  226233000  1 


+  27658260  T  -  5463990  T  +  729000  T  -  o2775  f  ♦  3150  1  -  69 


10  9  8 

)  1103271435  T  -  2146935550  1  +  lS6/e40b'/5  1 

7  6  5  4  3 

+  317434950  T  -  71566740  T  ♦  11073510  I  -  1161000  I 


3150  T  +  57 

10  9  8 

)  -  3975887349  T  ♦  6318279090  I  -  4481307585  T 

7  6  5  4  3 

T  -  505576890  T  +  93035628  T  -  11787930  T  +  1016280  T 


1890  I  -  2/ 

10  9  8 

7  )  6193221615  T  -  8209019430  I  *■  48576/0035  T 

7  6  5  4  3 

T  +  383849550  T  -  59437476  T  +  6363630  T  -  465480  T 


630  1  +  9 

10  9  8 

8  )  -  34:'0454801  T  +  3870576090  T  -  1  9371  02445  T 

7  6  5  43: 

T  -  111602610  T  +  14880348  f  -  1377B10  I  +  87480  T  -  3645  T 


10  9 

9  )  16329600  T  -  3623300  I  +  1 
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STRETCHES 


POINTS  =  3 


0/2,  1/t)  2T  -  3T  +  t 


POIMfS  -■  4 
4  3  2 

(I  /  2  ,  1  /  1  )  -ST  +  24  I  -  24  r  ♦  8  r 
4  3 

O  /  3  ,  I  /  2  )  8  r  -81  +1 


POINTS  =  S 
4  3 


( 1 

/ 

2.1/11 

16 

T 

-  65  T 

+  100  1  -  70  1 

+  20  !  - 

5 

4 

(1 

/ 

3.1/21 

32 

T 

-  25  T 

t  1 

-  1 


POINTS  =  6 

6  5  4  3  2 

<<  /  2  ,  1  /  1  )  -  26  r  t  132  T  -  270  T  +  280  T  -  150  I  +  36  T  -  2 

6  5  4  3  2 

O  /  3  ,  1  /  2  )  -  1306  1  +  2820  T  -  2430  T  +  1080  T  -  270  T  i-  36  T 

6  5 

(1/4,1/31  152  r  -  96  r  *1 


POINTS  =  7 

2  6  5  4  3  2 

0/2,1/11  38  T  -  231  T  +  588  T  -  805  T  +  630  T  -  273  T  +  56  T 


•  3 

7  6  5  4  3  2 

0/3,1/21  8902  T  -  23863  T  +  26460  T  -  15645  T  +  5320  T  -  1 050  T 


f-'OINTS  =  8 


n  /  2  ,  1  / 


(1/3,1/ 


(1/4,1/ 


(1/5,1/ 


(1/2,1/ 


(1/3,1/ 


(1/4,1/ 


(1  /  53,  1  / 


8  7  6  5  4  3 

1  )  -  52  T  +  368  T  -  1120  I  +  1904  T  -  I960  T  +  1232  T 

2 

-  448  T  +  80  I  -  4 

8  7  6  5  4 

2  )  -  42036  T  +  133488  T  -  180320  T  +  134512  T  -  60200  T 

3  2 

+  16464  T  -  2688  T  +  240  1  -  8 
8  7  6  5  4 

3  )  -  322944  T  +  453184  f  -  573440  T  +  286720  T  -  89600  1 


3  2 

+  17920  T  -  22»0  T  ♦  1 60  T  -  4 


8  7 

4  )  4736  r  -  2176  T  +  1 


POINTS  =  9 

9  8  7  6  5  4 

11  68  T  -  54?  r  +  1?44  T  -  3948  T  +  5040  T  -  4158  T 

3  2 

+  2184  T  -  684  T  +  108  T  -  5 
9  8  7  6  5 

2  I  165444  I  -  606501  T  +  966168  T  -  873516  1  +  490896  T 

4  3  2 

-  1  76526  T  40320  T  -  5616  T  +  432  T  -  13 
9  8  7  6 

3  )  4653168  T  -  10762929  T  +  10886400  T  -  6323520  I 


5  4  3  2 

+  2327976  T  -  564354  T  +  90216  T  -  9180  T  +  540  T  -  13 
9  8 

4  )  30832  I  -  12465  T  +  1 
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POINTS  =  10 


(1  /  2  ,  I  /  1 

(t  /  3  ,  1  /  2 

-  3210060 
(I  /  4  ,  1  /  3 
6 

-  37819740  T 

(1  /  5  ,  1  /  4 
6 

-  45937500  T 
<1  /  6  ,  1  /  5 


1  0  9  8  7  6  5 

-  86  T  +  780  T  -  3150  I  +  7140  I  -  11340  T  +  11592  I 

4  3  2 

7980  I  +  3600  T  -  990  T  +  1 40  I  -  6 
10  9  8  7 

-  581718  T  ♦  2417420  T  -  4438350  T  f  4722960  T 

6  5  4  3  2 

+  1446984  T  -  434700  T  +  85200  T  -  10350  1  +  700  T  -  19 

10  9  8  7 

-  43044510  T  ♦  112467260  T  -  129972150  T  +  87381840  T 

5  4  3  2 

11008872  r  -  2183580  T  +  291600  T  -  25110  I  +  1260  T  -  27 


10  9  8 

-  136498846  T  ♦  273358140  T  -  246093750  T  +  131250000  T 

5  4  3  2 

11025000  r  -  1837500  I  +  210000  T  -  15750  f  +  700  T  -  13 
10  9 

219904  r  -  79360  T  +  1 
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/ 


POINTS  =  8 

8  7  4  5  4  3 

(1  /  2  ,  1  /  1  )  166  T  -  1024  T  +  2660  T  -  3752  T  ♦  3080  T  -  1456  T 


+  364  T  -  40  T  +  2 

8  7  6  5  4 

(1  /  3  ,  1  /  2  )  -  32186  T  +  87104  T  -  102060  T  +  68040  T  -  28350  T 


3  2 

+  7560  T  -  1260  T  +  120  T  -  4 


8  7 

<1  /  4  ,  1  /  3  )  619  T  -  376  T  +  1 
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POINTS  =  9 

9  8  /  6  5  4 

(t  /  2  ,  1  /  1  )  -  254  T  +  1818  T  -  5616  T  +  9744  T  -  10332  T  +  6804  T 

3  2 

-  2688  T  ♦  576  T  -  54  T  ♦  2 
9  8  7  6  5 

(1  /  3  ,  1  /  2  )  234882  I  -  701478  T  +  898128  T  -  644112  T  +  283500  T 

4  3  2 

-  78624  T  +  13440  I  -  1296  I  +  54  T  +  1 

9  8 

(1/4,173)  3060  T  -  1638  T  +1 


POINTS  =  10 


10  9  8  7  6 

(1  /  2  ,  1  /  1  )  367  T  -  2990  T  +  10710  T  -  22080  T  +  28770  T 

5  4  3  2 

-  24444  T  +  13440  I  -  4560  T  +  855  T  -  70  T  +  2 
10  9  8  7 

(1  /  3  ,  1  /  2  )  -  1304337  T  +  4443090  T  -  6571530  T  +  5523840  T 

*  5  4  5  2 

-  2900310  T  +  984060  T  -  215250  T  +  29160  T  -  2205  I  +  70  T  +  1 
10  9 

(1  /  4  ,  1  /  3  )  16368  T  -  7860  T  ♦  1 


27 


/ 


5 


5 

(1  /  2  ,  1  /  1  )  4  T  - 


(1  /  2  ,  1  /  1  )  -  52  T 

6 

<1  /  3  ,  1  /  2  )  12  T 


/ 

(1  /  2  ,  1  /  1  )  138  T 

7 

<1  /  3  ,  1  /  2  )  42  T 


(1  /  2  ,  1  /  1  )  -  294 


a 

(1  /  3  ,  1  /  2  )  154  T 


STRETCHES 


POINTS  =  5 
4 

5  T  +  I 


POINTS  =  6 

5  4  3  2 

♦  180  T  -  240  T  +  140  I  -  60  T  +  12  T 
5 

12  r  +1 


POINTS  =  7 

6  5  4  3  2 

-  595  T  +  1008  T  -  840  1  +  350  T  -  63  T  +2 

6 

35  T  *1 


POINTS  =  8 

8  7  6  5  4  3 

r  +  1552  T  -  3360  T  ♦  3808  T  -  2380  T  +  784  T 


28 


r 


6 


6 

(1  /  2  ,  1  /  1  )  5  T  - 


(1  /  2  ,  1  /  1  )  -  114 


(1  /  3  ,  1  /  2  )  14  T 


8 

<1  /  2  ,  1  /  1  )  303  T 


8 

(1  /  3  ,  1  /  2  )  47  1 


(1  /  2  ,  1  /  1  )  -  728 


<1  /  3  ,  1  /  2  )  U8  T 


(1  /  2  ,  1  /  1  )  1482 


STRETCHES 


POINTS  =  6 
5 

4  T  ♦  1 


POINTS  =  7 

7  6  5  4  3  2 

T  +  434  T  -  672  T  +  560  T  -  280  T  +  84  T  -  14  T 


POINTS  =  8 

7  6 

-  1320  T  ♦  2240  T 


/ 

-  40  T  +  1 


POINTS  =  9 

9  8  7  6 

T  ♦  3906  T  -  8640  T  +  10080  T 


8 

-  126  T  +  1 


POINTS  =  10 

10  9  8  7  6 

r  -  9380  T  +  25200  T  -  37200  T  +  32550  T 

5  4  3 

-  16884  T  +  4830  T  -  600  T  +2 

10  9 

-  420  T  +  1 


5  4 

-  6552  T  +  2268  T 

3 

-  336  T  +2 


5  4  3 

1792  T  +  560  T  +  112  T 


-  140  T  +  40  1  '  3 


(1/3,172)  618  T 


30 


I)  /  2  ,  1  /  1  ) 
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9 
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(1  /  2  .  1  /  1  )  825  r 


8 

SlRETtHtS 


POINTS  =  8 

1 

a  i  +1 


POINfS  =  9 

7  8  2  6  5 

I  +  2286  ]  -  4608  I  ♦  5326  1  -  4032  T 

3  2 

622  T  ♦  144  T 


8 

-  18  I  ♦  1 


POINTS  =  10 

10  9  /'  6 

-  2610  T  ♦  11520  T  -  23520  1  +  24192  I 

4  3 

15120  r  +  6000  1  - 


+  2016  1 

-  18  T  + 


(1  /  3  ,  1  /  2  )  52  I 


9 

50  T  +  1 


1485  I  +  210  T 


<1  /  2  .  1  /  1  )  8 


(1  /  2  ,  1  /  1  )  - 


(1  /  3  ,  1  /  2  )  20 


(1  /  2  , 


STRETCHES 


POINTS  =  V 

9  8 

T  -  9  r  +1 

POINTS  =  10 

10  9  8  7  6 

1004  T  +  5100  T  -  11520  1  +  15360  1  -  13440  1 

5  4  3  2 

+  8064  T  -  3360  T  f  940  T  -  1 80  T  +  20  T 

10  9 

T  -  20  T  4  1 

I  STRETCHES 


POINTS  =  10 

10 


1  /  1  )  9  T 


9 

10  T  +  1 


Table  2.  Quantiles  of  the  Maximum  p-9tretch. 


2  FUlNfS 
I  QUANllLE 

O.Otf  0.02j3205263 
0.1  0.0bl3l42BA 
o.;i  0.  I33V'4597 
u.:VJbV292a 
0.’5  j.499v?vi6a 
i,  .9  0.»aj/7261 

O.'-t  v.,’-’63V3.1i 
J.9V  .yjvOOOM 
0.995  0.?292a93a6 
V .  '-^6  a3?6A8 
0.9995  0. 9.':'6J82A4 


f  .,'JANril.£  bETA  Afff.-J* 

O.05  0. 1  .■0.;C25S/ 

j.t  0.1V174.465  0.1521i0Vi 
0.25  :'..55  4  /;4.’j  0.21  ’  :a; 

0.5  0.j.jv:'4406  0.30/63.’'J6 
O.’i  12544 ’98o  0,1i3li:;93 

0.9  5. 521023  15  0.5ia090,’7 
..95  u.3b3,’2358  0.5821  6052 
■■.99  0.-  ‘6.9135  0.6V8184535 
0.995  j. 2323471  /  0.73/45/8 
0.999  ". 30963328  O.dlOJii^t 
0.99/.  0.a342/5//  O.aljoi-'  .0 


'  r'  u  i  9  ■  1 

P  iiijAnriLE  BETA  APf'KUH 

0.05  .:6lJ.59a45  0.  1  33561  428 

0.1  0. 1  831  1 ,  4  '6  0.1  46VV'  ,  44 
0.35  0.3." 'oa.'//  0.  1  93  1  36246 
v.j  0.2211-3193  0.25561861/ 
0.  '5  0.339904353  O.  330/35.M8 
0.-  0.4'30059  1i  0.1032.2;. 
0.95  0.46081’/o4  0.4594169’ 
•J.99  55.^2684  0.55914/395 

0.995  0.5956/123  0.59612/94 
(.999  0.66/35101  0.6/1  '  Ji  .1 
0.9995  a.496’yj03  o./oi;'/'’’4 


o 

STREFCH 


3  POINTS 

p  OUANIUE  BETA  APPROX 

0.05  0.096012638  0.080905483 
v.l  0.139142558  0.119012401 
0.25  0.. '33089015  0.20630125/ 
■).5  0.36i  I  /606  0.33589/967 
0..’5  0.499999568  0.  48631  3243 
0.9  0.631  5y/C'9  0.4Jb3?346 
1.95  0.70/59835  U.7063o5l16 
..99  J.a:9.-.195  0.02889333 
0.995  0. 3642, 9315  0.8642/6454 
0.99V  0.93063002  0.920/80/ 
0.9995  u. 93.  902/  0.937254460 


9 

JJANliit  EtTA  AEPKOX 
'  .'.'5  0.  1  63693. M  o  9.1  243.',  3 

j.1'43106321  0.1  530/4/88 
0.35  0.246035:4  1  v. 3105164''/ 
0.5  j.  31254:"'‘'.'  9.28876451  8 
0.  5  0. J92c415V  0.38163714 
■.',9  0.4,'899V66  0.4  ’53909'je 
".95  (.53584151  0.53430514 
0.99  0.645045795  0.63498572 
0.995  0.6837.’:655  0.68398242 
0.VV9  0.7581/356  0.7596  'fa 
0. 384555  0-/^867551  3 


9  POlNTb 

p  UbANI  ILL  bLlA  A1 PROl 

2. ,.5  0.15/08'  1/2  0.  1  2128/868 
;.1  0.1/62'jIvJ3  0.  142/1  8839 
,1.25  0.21(614  1/8  9.  184/42495 
0.5  0.258919284  0.241614863 
0.25  0.318691/ 75  0. 31030240. 
0.9  0.38543.’.  65  0.3823895'’ 
0.95  0.43101839/  0.429694691 
;.99  0.524  18856  0. ■..2433c  8 
.99'  0.5594  .83  0.56005VI1 
".999  0.6215961  5  0.6J46I64I 
5.9V95  0.6589046  0.664/1629 


4  POINTS 

P  QUANTUE  BETA  APPROX 
0.05  0. 13/981936  0.108524845 
0.1.’S533124  0.  1  4442496 
2. .5  0.2568526,’  0.2200608/2 
0.5  0.354245.'O/  0.33405/956 
6-/5  0.462665126  0.  451/1  0619 
0.9  0.5/2/1341  0.569001 
0.95  0.64069609  0.63918642 
0.99  0./59/1  B46  0. ,’5/589/1 
0.995  0.;9/948405  CI./9/98464 
((.V/-  0.86'18,'’yi  7  0.86527399 
0.9995  0.8863/785  0.887059 'j 


'  POINTS 

(■  OUAlillLt  lifTA  APPKUX 

..•.5  0. 164131198  0.i:4892  ’58 
0.1  0  .1  892  1  43/6  0.  1 50, '1  3535 
0.35  0.234422352  0.201878116 
0.5  0.292644065  0.2/1 30942 
0.  '5  0.364334628  0.  3542/6225 
0.9  0.44283919  0.439404055 
0.95  0.49536852  0.493890326 
0.99  0.59902148  0.599020526 
'>.9'?'.  0.636824  1  7  o.63,'150  125 
(.'.’“V  0. '1142058  0. '131619'^ 
x>.9'-''-'5  0.  73862.''  0.  7  1185995 


10  POINIS 

P  iJUANIiit  BLIA  APPRO' 

■.‘.u5  0.152129695  0.11855 1/78 
0.1  0.1  692948.'9  0.  1  38295695 
0.25  0.201359317  0.1/6892802 
0.5  0.244805858  0.22911314/ 
0./5  0.300131366  0.292442843 
0.9  0.36230JJ4P  0. 35945086 
0.95  0.40505843  .  4  038 1  388  4 

0..-'V  0. 49350409  0.493  '32974 
0.52/422  465  C.. 28',  .'205 
O.'-'VV  0.59/675845  C.6vl<l229 
0.9995  0.62461714  0.631«4422 
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a. 


3 

STRETCH 


3  EOJNTS 
h'  QUANTILE 

0.05  O.t35350/’5 
0.1  0.19580035 
0.25  0. 32635108/ 
0.5  0.4»9V99568 
0.  >'5  0. 6?  3o4b4 
0.9  0.80419923 
0.95  0.864o4933 
0.99  0.94109683 
0.995  0.95859961 
0.999  0.96162989 
0.9995  0.982033404 


4  ROJNTS 

f  QUANTILE  BETA  AFPkOX 

0.05  0.198283212  0.227026502 
0.1  0.256132416  0.281223544 
0.25  0.366802505  0.38522745 
0.5  0.499999568  0.51324992 
0.25  0.63319258  0.642282054 
0.9  0.24i3o262  0.249050654 
0.95  0.801216365  0.80500369 
0.99  0.88292421  0.889019534 
0.995  0.91182952  0.91250853 
0.999  0.94912199  0.94934611 
0.9995  0.959262856  0.9599y6l4 


5  POINTS 

OUANi'ILt  BETA  APPROX 
0.05  0.230824068  0.25052654 
0.1  0.281 158015  0.29630331, 
0.25  0.3216202  0.381285235 
0.5  0.42543382  0.48538732 
0.25  0.583941974  0.594363934 
0.9  0.63322992  0.69052081 
0.»5  0. 239326906  0.24449923 
0.99  0.83113436  0.93332209 
0.995  0.659222525  0.86077265 
0.999  0. 902255694  0.90'’885l2 
0.9995  0.92235522  0.92229105 


POINTS 

QUANTILE  BETA  APPROX 
0,05  0.242950961  0.252823942 
0,1  0,28564982  0.291984126 
0.25  0.360154623  0.36431 124 
0,5  0.44524694  0.45364/18 
0.25  0.539066836  0.54920888 
0.9  0.62925245  0.638154544 
0,95  0.68362288  0.689992465 
0.99  0,22218023  0.28029012 
0.995  0.80262015  0.80993SV5 
0.999  0.86260943  0.86370902 
0.9995  0.88094427  0.88125348 


2  PtUNlS 

!■  QUANTILE  BETA  APPROX 

0.05  0.245140597  0.24768?’69 
0.1  0.281423132  0.28190329 
0.25  0.343864962  0.34516432 
0.5  0.412128626  0,423981234 
0.25  0.499999568  0.510469005 
0.9  0.58357005  0.59251933 
0.95  0.63495116  0.64205222 
0.99  0.22294108  0.73175959 
0.995  0.25953535  0.26243238 
0.999  0.818646  0.82019381 
0.9995  0.8391662  0.84035449 


8  POINTS 

P  QUANTILE  BETA  APPROX 
0.05  0.241949603  0.23928953 
0.1  j. 223098513  0.220246024 
0.25  0.326656863  0.32663016 
0.5  0.39123492  0.39/416636 
0.75  0.46619086  0.426316924 
0.9  2.5-136269  0.55294648 
0.95  0.59.53.;.i3  0.6000524 
0.9’"  0.6836696’  0.68800406 
0.99-5  0.2I556J4I5  C'.218f2j6S 
O.yyv  0./2o94463  0.22888064 
0.9995  0.29886012  0.8003840V 


9  POINIS 

p  QUANTILE  BETA  APPROX 

0.05  0.23605113  0.231051013 
0.1  0.263123026  0.253528227 
0.25  0.31004481  0.309482142 
0.5  0.36806731  0.373867556 
0.75  0.436290988  0.446523234 
0.9  0.50901942  0.51820802 
0.95  0.555432834  0.5631576 
0.99  0.64403722  0.64823461 
0,995  0.67528368  0,629545924 
0.999  0.7381101 1  0.240405604 
0.9995  0./’6085429  0.262620085 


10  POINTS 

P  QUANTILE  BETA  APPROX 

0.05  0.22BB5661  0.22227244 
0.1  0.252705142  0.242324511 
0.25  0.294559042  0.293860952 
0.5  0.34744315  0.35298922 
0.25  0.41103892  0.420323253 
0.9  0.47869062  0.48277532 
0.95  0.52229429  0.5305858 
0.99  0.60854964  0.61349253 
0.995  0.639832065  0.643851294 
0.999  0.70226626  0,7042811 
0.9995  0.22543522  0.22249426 
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r 


4 

bFRtlCri 


•1  f'OINIS 
P  QUANTILt 

0.05  j.2486'j434A 
O.I  0.32 046084 
0.25  ■j.  45632iJ84 
0.5  0.61427364 
*.; .  7  5  0 . 7  j  6  V  /  '  o 
0.9  C. 657  44052 
0.9;  0 .  'jOOjoS  1 4 
0.99  O.?5h';0!6u 
0.995  J. 9  ■0554266 
0.9- V  O.Vb6',  .  4 

0.y995  0.990814/2 


5  POINTS 

P  Ul;HNfJ;t  tt  1  fl  mPPPOX 

'J.05  y..d'.'6S0  485  0.64:4’/366 
'-■.1  0.3/352VOV4  0.399298236 
0.^5  0 . 4 0  4 y J  4 3  0.  49  7  '9  7 5 6 u 
'.7.5  0.5916035  0  -6143851/ 

0./5  0.  ’099'-j,'9  0./2303252 
y.80236o.y/  0.80&C94  68 
O.Vj  0.84d,'oJI3  0.B5268'3'76 
0.09  0. 915864505  0.91  ’■69856 
O.'JOS  0.9  34085414  0.934840, '2 
0.999  0.96220259  0.9i244b64 
0.9995  0.97016387  O.V706’6455 


6  P  5  I N  i  6 

p  i!6;.,y:;.L  t'tl.4  appku; 

0.05  ■3.3058'’,48i  0.357642695 
5.1  .  359269oo4  i.  .  4040894  •.•5 

5.25  0.451  7, ■'3253  0.4d6l6i66 
5.5  0.55537  1..7  0.581  129596 
0.,'5  0. 65865 Oo/j  0.67j7l7^6  5 

0.9  0. ■’4603324  0.75602201 
0.95  0.  .'93346  0.800024554 
0.99  0.8683391  0.87097983 
0.995  0.390  78859  0.8925776i'; 
0.9yy  0.92856966  0.9/93  1 1, ' 
5.9?-'5  0.945336/  5  0.940846«5 


f  OiNiS 

P  U  0  7i  9  f  i  1.  8  8  8  !  7'.  1  P -J  X 

,7.03  o.3118/3';:>4  0.35/245852 
O.I  0.35742621  0.3913966  ’ 
''.2:  0.43445439;  0.4623318 
0.5  0.520479724  5.545316304 
5'. 75  0,6i2050'74  0.63C'85G'58 
0.9  0.69480852  0  .,’0694'b75 
0.95  0.7419457?  0.75059561 
0.99  0.83:  1  51294  0. 325 1  1  O’/S 
0.995  0.34635596  0. 84  V-j. 744  6 
'3.999  0.39112524  0.8924661  4 
0.9995  O.VySSVc/  0.9068933 


•5  f  o  i  N  T  S 

UOhNIIlc  btid  fiPf’i.L.', 
■j.'Jj  0.3'09325/4  •;.;4,'49:77 
>7.1  0.34B45/'558  5  .  i/’..3  0/6C5 
5.2.  0.414121196  0.43/50539 
■7.5  0.488581235  0.5  1  1  91  4’’75 
(..75  0.571  0/501  0.59055763 
'7.9  0.64937166  0. 06288546 
■5.95  0.69559435  0.705645)2 
0.99  0  .  "76561305  0.78;65l'34 
'/.■’'?5  0.803434396  O.B07:3'052 
'J.-"r9  0.85294489  O.S54‘-'4.w4 
'7.9995  0.869931/  4  0.871  461436 


9  POINTS 

F  QU.’i, !  I  i  - 1  86  I  6  ATf'RCX 

0.05  0.302548'-.  ’'.  32694  ;',, 
0.1  5.336  199  "3o  'O.j'jSO'’'/^'.. 
■7.25  0.3'-'35'j57  .41  404:’9 

0.5  0.45991  37,’  0. -’,3  I  795'7’;5 
0./5  O.  53520S3i  0.554/BI  4/4 
0.9  0.6092648V  0.6335661 
■7.95  0.654181.7  '.'.6651/882 
0.99  0.235333964  -j  . /’ 4  1  28  ’ ’5 
'j.'i’95  0.7635>4s  ’  (7. ,’6 '’6982 
7.999  0.81568198  0.818271205 
■7. '4995  0.83  433762  0.83627:76 


10  POINTS 

'  UOANTi.E  86,’,’:  APfPliX 

,',05  0.29398684  '.'.31  3;.72766 
-.1  0.3237205  0.34152/507 
".25  0.3/4072596  0.342512643 
0.5  .■.■134/14  1  6  0.454857  394 

0.2’’j  9,  j,,';,6V3  1  u  0.j2i0jjj,’ 

'-  .9  0.5"<2y6.’9  0.53851962 
0.95  0.61/21  2585  0. o2t’8^ .'62 
.7.99  0.6y75,'704  0..’74J1  1  ’c 
■1.995  0., '25718066  0.730566136 
0.99?  0. '801  5188  0.783257045 
0.9995  0.  .’99;>,’3,'4  0.80227045 
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-QINIS 

h  'jUAH'iLt 

■;.05  c.3  4j;  d'.'' 

V .  ■  c .  ■» ;  0  ■  0  f  ’ 


458 

\  t  J  w' 

.at'O''- 

u . So  0 . 

; ,  0 

.38 

^.'^5 

C .9.35 

■j.y9 

'3.'/6  '3 

J.V'Jb  O.V;  IVOji 
0.999  0.9a9S9S:0 
0.9995  0.99:8  ’S«.M 


;j  POINTS 

y  aUANTUt  ftlA  PPf'KOX 

0.05  0.36/3043.'’  0.4;;B603g94 
O.i  0.41359  0.446940418 
0.35  0.490870044  0.53343.’3 
0.5  0.57711749  0.6096414 
0.75  0.664308116  0.68613636 
0.9  0.73957018  v. 75387013 
0.?5  0.78133014  0.79056505 
0.99  0.85003143  0.854151386 
0.995  0,67156538  0.874516055 
0,999  0.909467265  0.9108644 
0.9995  0.93188124  0.93390263 


6  POINTS 

p-  0U4«riL£  Ntlrt  APPROX 

0.U5  0.36605601  0.43025355 
v.l  v'.43t  Olio.:  0.4B5090/'’7 
.■.35  '-.'-.3806643  0.57859283 
‘d.t  0 .6  .  .;o4-l  -J. 6603451 

■;  .  ■.'.75999864  0.77356963 

'.■.'  -.838  ’8 ’a  0.84330977 
O.VO  ';.e,'74-'53l  0.86132631 
.97  ■3.93. '1 7. '53  0,933o6I'='-75 
7.995  ■■•94 '33'.'3d  0.94795379 
0.9'^?  96985390  0.97008757 

0.9995  '.|.'•^r>:■3838  0.97637228 


V  POINTS 

P  QUANTILt  BtIA  APPROX 

0.05  0.36303006  0.41279368 
0.1  0.402073434  0.446699664 
0.35  0.468159343  0.50604968 
0.5  0. 5430942  0.57532172 
0.75  0.623415515  0.6468511 
0.9  0.6961 16015  0.71135287 
0.95  0.737919375  0.748'9B367 
0.99  0.80960802  0.81504397 
0.995  0.83302359  0. 83/08053 
0.999  0.8/57/204  0.8/788443 
0.9995  0.89031939  0.89193015 


7  POINTS 

P  QUANT iL£  BtIA  APPKUX 

0.05  0.370! 31 497  0.43893866 
0.1  0  .4:-10'7’3.'68  0.4S359b.  ' 
•J.:5  0.515361  33  .  .5603794:  4 
0.5  0.61498884  0.64o1 148/ 
0.71  71  ■;  1  46  ■  •J.  7:9  1  064'v 

0.9  '3 . /'37  4E..'78  0./979884O 
0,95  0.83831036  ■.< .  3  35  1  71  :/ 
0.99  0.8?1/374:  6.89439063 
0.995  0.91046099  0.91234818 
'"'.99?  0.941,1491  0.943447J3 
U.99"".  6.951  386  966 


10  Pa  1  ills 

!'  UJAn;  U£  BtTA  APP^  'Jx 

0.05  0,35300/834  0.395’334 
■O.i  0.3bBU''.:'1'-'3  0.426:91 ’>8' 
0.35  0  ,  4  4  6  'j  3  3  v  4  6  0.480191/5. 
0.5  0.512  •'34  144  0.54401  8'; 
0.75  0.58/1301 1  0.61131911 
0.9  0.65704084  0.6735B73  ' 

0.'^5  0.698363865  0.71  07773.4 
0.99  0  .,  /i/vi;  0,  :’'7','B4:'-' 
0.995  0.796047735  0.8010.'  '4 
0.999  0.843196i.'3  0.o45003o'6 
O.'PBS  0.85834555  C.8605447.a 
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I 


6 

SThxTuH 


6  f '  0  i  f  .  3 

r  johni  ile 

w  .  i)  j  V  .  4  i  □  I *  -N  u 

0.1  0.4d9'd3o.’3 
u.lS  0.6  0520881 
0.5  0 . 2  3  j  j  j  0 1 j 
0.,'5  ...SiBoj^iai 
0  . 0  .  J  V  10  412 
■J.;5  0.13?  I  5053 
0.?9  •J.v,'3J36ei 
■.'.’"'•''j  0.9'6I27oO4 
O.'t'Ji  0.9117113^ 
O.W-i  j.V®1181!V 


f'jiN ;  3 

:  OUdNIILt  etIA  APfROX 

.'.05  V.  !:v:,'50S  C.4y819:355 
0.1  0.1V1M912  0.54989104 
0.25  0. 59116032  0.63588385 
0.5  0.20159964  o. 720,90152 
0.75  0.29521231  0.6'Of3482U 
O.t637o338  0.66994032 
0.95  0.8969293  0.90C54082 
O.yl  u.v4i5534V  0.94465112 
0.995  ■-■.95595888  0.  95662646 
■j.999  :. '>74902075  0.92511225 
o.9t  5  0.980223216  0.930355784 


8  l-'UlNTb 

UUANULE  BETA  AEP.9CX 
0.05  0.42478123  0.50233:07 
0.1  0.47802405  0.5445035 
0.25  0.56629042  0.61556582 
0.5  '2 . 6  6'w' 6 9 1  28  0.6933/  42 
C.75  0.24S015  '25  0.2621  52354 
0.9  0.31  709246  0.32:’ ■40.64 
0 .  Vj  0 .  H5296d’9 1  5  0.8596  1203 
0.99  0.90294519  0.9104800. 
0.995  0.92101  842  0. 925.'’20;'4 
0.9“9  0.9502'jl  28  0.95  1  39716 
0.9915  0.95892291  C.9594C'3' 


V  POINTS 

:•  quantile  beta  APfhH 
0.05  0.415598437  0.'!8696  9J7 
0.1  0.461694285  0.5254i?76 
0.25  0.53791:084  0.53265062 
0.5  0.621980235  0.65'63018 
0.75  0.20391326  0./;669i:  5 
O.V  0.77256064  0.28598933 
0.95  0.80996947  0.Siyl85>2 
0.99  0.97065463  0.87970011 
0.9;5  ,j. 88947252  0.89235834 
0.991  0.92238192  0,923/4091 
0.9995  0.933104025  0.93409414 


10  POINIS 

!-•  quantile  beta  APPROa 

0.05  0. -10526919  0.42074;2i4 
0.1  0.4451  /422  0.5032. -1814 
0,25  0.51184325  0.559297,2 
0,j  0.5o'V?56/’  0.8236443? 
O.-’S  0.863981  95  0.68902J5-1 
J.v  0.73142561  0.74717192 
0.95  0./694i;44  0. 280  ’8513 
0.99  0.83381  0374  0, 83 '92653- 
■,.195  0.65-153331  •.■.85863333 
0.999  0.89221295  0.894312914 
0.9995  0.901986896  0.90658621 
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/ 


7 

SIftEICH 


/  POINIS 
P  QUANIiLl: 

>-'.05  o.‘;?y:'-"’:o6 

0.65VJHV'ta 
>.'.5  50 V6t'. 

O..’!  O.Bo.'l.'.  0 
J.9  0 

I'. 95  0.946aJ4i.-! 
0.99  0  ./;ii454 
>.'.995  0.984'55J!5 

'.'.■■r;  o.yyjo’Sj.' 


a  PuiNis 

UV^HilLL  VtJft  nh-rnux 
O.0'5  .'.9Me52!  0.552O2O5V4 
0.1  0.541jo;J.8  y.o00398585 
0.2-.  I'.aibia  0.6794810/ 

0.5  >.'.  j.  15834  O.l’o156787 
■->.75  •.’.8Jij”,5J  0.83379893 
0.9  v.  aa  ■■9191  0.887751  15 
0.95  0.9) ij) 126  0.9143577 
0.99  O.V514e424  0.952493235 
0.995  0.96219115  0.96280341 
0.999  0.978492305  0.97868b754 
0.9995  0.983060405  0.983182475 


10  fOiNTb 

I'  UUflNTUL  BETA  APPROX 

0.05  0.45772414  0.53784804 
0.1  0.503'09138  0.5/229 'oO 
0.:5  0.57761435  0.63044':3 
0.5  0.658304736  0.6V495269 
0.75  0.73504214  0. / -,77557‘’ 
0.9  0.797/86545  0.811120555 
0.95  0.831  843-'  C. 84078^64 
O.r'?  0.836189975  0.8900'’239 
0.995  0.y02'?0885  0.905a.'2595 
0.'^99  0.'/3200831  0.93330531 
0.9';95  0.941  4535  0.94239955 


V  r'LlNIS 

P  aOArtlUE  BETA  mPPRUX 

0.05  0.47)458957  u. 55302577 
0.1  0.52327303c  U.59261V464 
t.25  0.60774692  0.6584373 
0.5  0.696761645  0.72937827 
0.75  0.77706.94  0.79569296 
0.9  0.839369334  0.84923/0! 
0.95  0. 87)338405  0.8776516 
0.99  c  ■3, '6  0.92225985 

0.995  0.9339623  /  0.9355607-1 
0.999  0.957255885  0.957//  . 
0.9995  0.96441034  0.96485666 


8 

aiKEICh 


a  f '  u  i  N 1 6 
P  QUA N FILE 

0,05  0.52/320285 
0,1  0.593754336 
0.25  0.69730048 
0.5  0.79886869 
0.75  0.87937121 
0.9  0.9JU7412 
0.95  0.953610934 
0.99  0.98034243 
0.995  0.9862638 
0.999  0.99395136 
0.9995  0.99573/6 


9  POINlS 

p  quantile  beta  approx 

0.05  0.52600627  0.59560351 
0.1  0.58284621  0.64080958 
0.25  0.6740108  0.71376376 
0.5  0.76516585  0.788388774 
0,75  0.84159522  0.85325007 
0.9  0.895895526  0.90124659 
0.95  0.9216886  0.92478425 
0.99  0.95744947  0.95837836 
0.995  0.96686892  0.96743158 
0.999  0.981178805  0.98135905 
0.9995  0.98518138  0.985292956 


10  POINTS 

P  QUANTILE  BETA  APPROX 

0.05  0.51155715  0.59442/62 
0.1  0.56’fi26956  0.63rj6.:;3 
6.25  0.642479464  0.69267134 
0.3  0.72592383  0.75775433 
0.75  ''.y0>iv;6842  0.81/93  /32 
0.9  0.856762454  C.866n,'’C43 
0.95  0.88558917  0.391344856 
0.99  0.929036655  0.93127207 
0,995  0.94158129  0.943073/ 
0.999  0.96225791  0.9628644.6 
0.9995  0.96859221  0.9690089/ 


/ 
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9 


STRETCH 


V  FOINIS 
!■  QUANTILE 
0.05  0.570864245 
0.1  0.6JU38095 
0.25  0.72773032 
0.5  0.8203130725 
0.75  0.89283709 
0.9  0.93923049 
0.95  0.95897727 
0.99  0.98264365 
0.995  0.98787646 
0.999  0.9946w3.''6 
0.9995  0.996240176 


10  POINTS 

P  QUANTILE  BETA  APPROX 

0.05  0.56348471  0.63155703 
0.1  0.61761622  0.67384963 
0.25  0.70332769  0.741425075 
0.5  0.78778987  0.80977396 
0.75  0.857691325  0.86860804 
0.9  0.90685706  0.91183142 
0.95  0.93006854  0.93293719 
0.99  0.96210245  0.96295981 
0.995  0.970512904  0.97103171 
0.999  0.9S3265445  0.98343234 
0.9995  0.986828364  0.98693137 


i 

jsiRETCH 


10  r'UINTS 
P  QUriNTiLE 

0.05  0.605836436 
0.1  0.663152255 
0.25  0.752629794 
0.5  0.837737605 
C.75  0.903596446 
0.0  0.94547133 
0.95  0.96322874 
0.99  0.984462306 
0.995  0.98914961 
0.999  0.99522547 
0.9995  0.996636905 


/ 
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Table  3. 


Formulas  for  Computing  the  Moment  Around  the  Origin 
of  the  Maximum  p-Stretch.  * 


2 

STRETCH 


2  PTS.  ;  2 

6 

3  PTS.  :  12  - 

A 

2 

24  72 


4  PTS.  : - +  72 

A  A 
3  2 

120  480  720 

5  PTS.  : - + - —  +  A80 

A  A  A 
4  3  2 

720  3300  7200  7200 

6  PTS.  : - ♦ - ♦  3300 

A  A  A  A 

5  4  3  2 

5040  30240  75300  100800  75300 

7  PTS.  ; . + . ♦ - - ♦  30240 

AAA  A  A 

3  5  4  3  2 

40320  282240  843720  1411200  1411200  843720 

G  PTS.  : . + - - - + . . . *  282240 

A  A  A  A  A  A 

7  3  5  4  3  2 

332880  2903040  10130340  20321280  25401300  20321280 

9  PTS.  : . + - - - - - - 

A  A  A  A  A  A 

8  7  3  5  4  3 


10160340 

- - +  2903040 

A 

2 

3628800  323J9200  130633800  304819200  457228800  457228800 

10  PTS.  : . . + . - . .  * . 

A  A  A  A  A  A 

9  8  7  3  5  4 

304819200  130333800 

. . - . +  32359200 

A  A 

3  2 


*Each  listed  formula  must  be  multiplied  by  to  achieve  the 

moment  around  the  origin  for  k  points  (see  psgc  18) • 


th 
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3 


STRETCH 


3  PTS.  !  6  A  +  A 

24 

4  PIS.  :  —  +  48  A 

A 

'1 

O 

15  A  15  A  240 

5  PTS.  :  . . +  —  +  340  A  -  120 

A  A  A 

2  2  2 
9 

1440  340  A  360  A  720 

6  PTS.  ; . . + - +  —  *■  2880  A  -  1440 

A  A  A  A 

3  2  2  2 

3  2  2 
280  A  560  A  17080  A  25200  5670  A  P450  A  5040 

7  PIS.  : . — -  +  . . + - 

A  A  A  A  A  A  A 

9  3  3  3  9  3  3  2  2  2 

+  25200  A  -  15120 


201600  17920  A  35840  A  116480  A  161280  80640  A 

8  PTS.  ;  - + - - + - + - 

A  A  A  AAA 

4  9  3  3  3  9  3  3  2 

161280  A  161280 

+ - +  241920  A  -  141280 

A  A 

2  2 


42 


4  3  2  3 

945  A  12285  A  101115  A  296&355  A  S080320  60480  A 

9  PTS.  : - + - - + - + - 

A  A  A  A  A  A 

16  4  84  16  4  84  4  3 

2  2 

362880  A  1028160  A  1134000  A  2494800  A  2903040 

- + - - + - - +  2540160  A 

A  A  AAA 

3  3  2  2  2 

-  1814400 

4  3  2 

50803200  9450  A  170100  A  1237950  A  1417500  A  50803200 

10  PTS.  ! . + . - . - . . +  . . — 

AAA  AAA 

5  4  4  4  4  4 

3  2  2 

1433600  A  8601600  A  28672000  A  29030400  16329600  A  38102400  A 


A  A  A  A  A  A 

3  3  3  3  2  2 


47174400 

-  +  29030400  A  -  21772800 

A 

9 


f 


4 


STRETCH 


4  PTS. 

5  PTS. 


6  PTS. 


PTS. 


S  PTS. 


2 

12  A  +  34  A  +  24 
120  2 

-  +  120  A  ♦  120  A  ♦  240 

A 

2 

2 

90  A  450  A  720  2 

- + - +  1080  A  +  360  A  +  1440 

AAA 
2  " 

4  3  2 

105  A  315  A  3885  A  12285  A  5040  2 

- + - + - +  ^  +  (0080 

AAA  A  A 

4  2  2  2  4  2  2  2  2 

4  3  2 

201600  945  A  1470  A  7875  A  153930  A  241920  2 


. —  ♦  — . . +  100800  A 

A  A  A  A  A  A 

3  2  2  2  2  2 


-  20160  A  +  80640 

3  2  4  3  2 

4480  A  13440  A  716800  A  20790  A  3780  A  228690  A 

9  PTS.  :  .  + . . . — - 

A  A  A  A  A  A 

3  3  3  2  2  2 


1568700  A  362880  2 

+ - +  1088640  A  -  362880  A  +  725760 

A  A 

2  2 

6  5  4  3  2 

2800  A  2800  A  417200  A  176400  A  159880000  A 

10  PTS.  : - ♦ - + - 

A  A  A  A  A 

81  3  27  3  81  3  3  81  3 


4  3  2 

180219200  A  387450  A  170100  A  4035150  A  17180100  A  3628800 

- -  .  -  f - -  -  +  - - - 

AAA  A  A  A 

27  3  2  2  2  2  2 

2 

*  12700800  A  -  5443200  A  +  7257600 


44 


I 

\  m. 


5 


STRETCH 


3  2 

5  PTS.  :  20  A  +  120  A  +  220  A  +  120 

720  3  2 

6  PTS.  :  +  240  A  ♦  720  A  ♦  1920  A 

A 

2 

2 

630  A  5670  A  3040  3  2 

7  PTS.  ! . . ♦  2520  A  ♦  5040  A  +  12600  A  +  10080 

AAA 
2  2  2 

4  3  2 

210  A  2940  A  7350  A  35700  A  40320  3  2 

9  PTS.  ! - ♦ - * - - - - - ♦  26880  A  +  40320  A 

A  A  A  A  A 

2  2  2  2  2 


9 


10 


PTS. 


PTS. 


*  94080  A  *  80640 

6 

5  4 

3 

2 

315  A 

4725  A  3465  A 

3S2485  A  667485 

A  239085  A 

A 

A  A 

A 

A 

A 

8  2 

8  2  8  2 

8  2 

4  2 

2 

362880 

3 

2 

-  4  302400  A  ♦  362880 

A  + 

786240  A  +  725760 

A 

2 

6  5 

4 

3  : 

50803200 

1890  A  15120  A 

103950  A 

1096200  A  1595160  A 

A 

A  A 

A 

A  A 

3 

2  2 

2 

2  2 

18990720  A  54432000  3  2 


♦ . . +  3628800  A  +  3628800  A  ♦  7257600  A  +  7257600 

A  A 

2  2 


A5 


/ 


6 


STRETCH 


4  3  2 

6  PTS.  :  30  A  +  300  A  +  1050  A  +  1500  A  ♦  720 

5040  432 

7  PTS.  ;  -  +  420  A  +  2520  A  +  A  +  75A0  A  +  10080 

A 


5040  A  65520  A  161280  4  3 

8  PTS.  :  - + - + - ♦  5040  A  +  23520  A  +  75600  A 

AAA 
2  2  2 


+  137760  A  -  120960 

4  3  2 

1890  A  41S80  A  292950  A  616140  A  362880  4 

9  PTS.  : . . . — . —  -  +  60480  A 

AAA  A  A 

2  2  2  2  2 


10 


PTS. 


6 

1575  A 


A 

4  2 

3628800 


A 

2 


3  2 

+  241920  A  +  665280  A  +  1209600  A  +  725760 


5 

42525  A 

360675 

4 

A 

3 

335475  A 

2 

4093425  A 

5679450  A 

A 

A 

A 

A 

A 

4  2 

4  2 

4  2 

2  2 

2 

4 

756000  A  + 

2721600 

3 

A 

2 

^  6501600  A 

+  11793600  A 

♦  7257600 

66 


I 


STRETCH 


5432 

7  PTS.  ;  42  A  ♦  430  A  +  3570  A  ♦  9450  A  ♦  11508  A  +  5040 

40320  5932 

8  PTS.  ;  _  ♦  472  A  ♦  4720  A  ♦  34940  A  ♦  73920  A  ♦  123448  A 

A 

2 

2 

45340  A  771120  A  2903040  5 

9  PTS.  ; . . 

A  A 

2  2  2 


♦  9072  A  +  75400  A  ♦  347740  A 


♦  1013040  A  -  354832  A  +  3245920 

432 

18900  A  547000  A  4104700  A  27329400  A  47174400 

„  .  - - -  • . .  • . ;  7- 

2  2  2  2  2 


+  120940  A^  +  907200  A^  ♦  3428800  A  ♦  9979200  A  +  14394240  A  -  43545400 


47 


8 

STRETCH 


6  S  4  3  2 

8  PTS.  :  56  A  ♦  1176  A  ♦  9800  A  +  41160  A  ♦  90944  A  ♦  98784  A  +  40J20 
362880  65432 

y  PTS.  :  -  +  1008  A  ♦  15120  A  +  115920  A  ♦  408240  A  ♦  971712  A 

A 


2 

453600  A  9525600  A  47174400  6 

lO  PTS.  ;  . .  + - + - ♦  15120  A 

A  A  A 

2  2  2 


♦  665280  A  +  725760 
5 

196560  A 


4  3  2 

♦  1285200  A  ♦  5367600  A  ♦  4142880  A  ♦  32538240  A  -  43545600 


9 

STRETCH 


7  6  5  4  3  2 

9  PTS.  :  72  A  ♦  2016  A  ♦  23184  A  ♦  141120  A  +  487368  A  ♦  945504  A 

+  940896  A  ♦  362880 

3628800  765  4  3 

10  PTS.  s  .  +  1440  A  ♦  30240  A  +  312480  A  ♦  1663200  A  ♦  5664960  A 

A 

'2 

-I 

f  9192960  A  *■  12165120  A 


10 

STRETCH 

8  7  6  5  4  3 

10  PIS.  ;  90  A  ♦  3240  A  +  49140  A  ♦  408240  A  +  2020410  A  +  6055560  A 

'"i 

+  10631160  A  +  9862560  A  ♦  3628800 


48 


Table  4.  Numerlcan  Values  of  the  Moments  Around  the  Origin. 


2 

STRETCH 


T  f :  i . 

j  prs. 

4  fTS. 
j  !■'  T  S  . 
w  r'T£. 
■  F'TS. 


L 0  . 3 13 wr  j  1 1- ,  !  *6666666.  0.1,  v. 066666666  .  5  .  v  4/6  !  • .  6j 

[0.3.'':.,  0.t749999^:'V.  O.0'^375,  0. 055.'57Hi3.  0. 0  j5  1  5 1 

lO.  3666666*. .. .  .  0.076058201.  0.04035493b',  0 .0230'^ol  363J 


[0.34.':2222,  0. 1  3, ■•2351 18.  0.06:m021V8,  0  .O:  7 :  l.'bS.  0  .Ol'JrfOl  I  *6  J 
..  .36oiy0'1.',  0.119236111  ,  0.0482172053.  0.021335935,  0. 01  022530  1  4  J 


CO.  30625  ,  0  .  1  0408  ::'b '.  »36'v5o1323.  0.0rj'’3b3j,\  .0.' 
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